We construct a q-analog of the blossom for analytic functions, the analytic qblossom. This q-analog also extends the notion of q-blossoming from polynomials to analytic functions. We then apply this analytic q-blossom to derive identities for analytic functions represented in terms of the q-Poisson basis, including q-versions of the Marsden identity and the de Boor-Fix formula for analytic functions.
Introduction
Blossoming is one of the basic tools used in the study of Bézier and B-spline curves and surfaces [5, 6] . Algorithms for evaluation, subdivision, and knot insertion can all be derived directly from blossoming. Because blossoming is so fundamental, blossoming has been extended beyond polynomial and piecewise polynomial spaces, in particular to Müntz spaces and to extended Chebyshev spaces [10, 12-14, 18-20, 24] (as well as [16, 17] and [1, 2] ), to spaces of trigonometric polynomials [9] and trigonometric splines [15] , and more recently to finite dimensional function spaces [4] . There are also theories of quantum blossoming [7, 8, [25] [26] [27] for polynomial and piecewise polynomial spaces, where the classical derivative is replaced by a quantum derivative.
An analytic blossom for analytic functions was introduced by Morin and Goldman [21, 22] . The goal of this paper is to generalize this analytic blossom to an analytic q-blossom, where once again the classical derivative is replaced by a quantum derivative, and then to apply this analytic q-blossom to derive some fundamental identities for analytic functions.
The analog for analytic functions of the polynomial Bernstein bases is the Poisson basis [21] . Similarly, the analog for analytic functions of the quantum q-Bernstein bases is the q-Poisson basis (see Section 2) which, along with the analytic q-blossom, will play a fundamental role in this paper.
This paper is organized in the following fashion. In Section 2, we introduce the q-Poisson basis functions, prove that they are limits of the q-Bernstein basis functions, and derive a relation between the q-Poisson and the q-Taylor coefficients. In Section 3, we define and establish the existence and uniqueness of the analytic qblossom. We also show that the analytic q-blossom provides the dual functionals for the q-Poisson basis functions. In Section 4, we apply this dual functional property to derive change of basis formulas involving the q-Poisson basis functions, a q-analog of the Marsden identity for analytic functions, a q-summation formula, and a qanalog of Gauss' theorem. In Section 5, we apply the analytic q-blossom to construct a q-analog of the de Boor-Fix formula for analytic functions. We close in Section 6 by exploring the connection between the homogeneous analog of the analytic q-blossom and the q-derivative.
The q-Poisson basis
Throughout this paper, we will assume that q ∈ (0, 1) is fixed and we will use the following q-calculus notation [11] :
Here, N + = {1, 2, . . .} and N = N + ∪ {0}. The q-binomial coefficients satisfy
We will also make use of the Euler identities [11, Theorem 12.2.6] 
3)
The q-Bernstein basis functions on [0, 1] are defined by [23] 
and we define the q-Poisson basis functions by
. The product tends to 1 as n → ∞. Set u = (1 − q)t. Then |u| ≤ 1 − q, and
as n → ∞. Here, we used the inequality q n+j |u|/|1−q j u−q n | ≤ q n /(1−|u|−q 2 ) ≤ q n /(q − q 2 ) < 1/2 for all sufficiently large n. We also used the inequality | log(1 + z)| ≤ 3|z| for |z| ≤ 1/2. This inequality holds since for |z| ≤ 1/2, log(1 + z) = log |1 + z| + iArg(1 + z). But for |z| ≤ 1/2, we have log |1 + z| ≤ log(1 + |z|) ≤ |z| and |Arg ( 
From (2.5) and (2.2), it follows that We say that a function F (t) is analytic at t = 0 if F (t) is analytic in an open subset of C containing t = 0. We say that a sequence of functions {F n (t)} analytic at t = 0 converges uniformly to F (t) at t = 0 if lim t→0 F n (t) = F (t) uniformly in an open subset of C containing t = 0. Then by Cauchy's integral formula the limit function F (t) is also analytic at t = 0.
Since the q-Poisson basis functions are non-negative on [0, 1] and form a partition of unity, q-Poisson curves are affine invariant and lie in the convex hull of their control points. Moreover, since ((1 − q)t; q) ∞ and 1/((1 − q)t; q) ∞ are analytic at t = 0, every function analytic at t = 0 is a q-Poisson function at t = 0 and vice versa.
Let F (t) be analytic at t = 0, with q-Poisson coefficients {P n } and q-Taylor coefficients {a n }. It follows immediately from (2.5), (2.3), and (2.2) that
Next, we derive two recursive evaluation algorithms to convert between the q-Taylor coefficients {a n } and the q-Poisson coefficients {P n }.
Lemma 2.3
Set a 0,s = P s , s ∈ N and define recursively a n,s = a n−1,s+1
Proof Let Q n,s denote the right-hand side of (2.9). Then Q 0,
Therefore a n,s = Q n,s , s ∈ N, n ∈ N + . In particular, (2.9) and (2.7) yield a n,0 = a n .
Lemma 2.4 Set
Proof Let R n,s denote the right-hand side of (2.10).
In particular, (2.10) and (2.8) yield P n,0 = P n .
The analytic q-blossom
We begin by recalling the definition of the q-blossom of a polynomial [27] .
Definition 3.1
The q-blossom of a degree n polynomial P (t) is the unique symmetric multiaffine function p(u 1 , . . . , u n ; q) that satisfies the q-diagonal property p(t, qt, . . . , q n−1 t; q) = P (t).
A q-Bézier curve of degree n on the interval [0, 1] is a polynomial curve of the form P (t) = n k=0 P k B n k (t; q), [23, 27] . The control points {P k } can be expressed in terms of the q-blossom p(u 1 , . . . , u n ; q) of P (t) using the following dual functional property [27, Theorem 4.4] :
To simplify future expressions, we adopt the notation: a n = the n-term sequence all of whose terms are a, where n ∈ N + ∪ {∞}.
Definition 3.2 Let F (t) be analytic at
holds uniformly at t = 0.
Theorem 3.3 Let F (t) be a function analytic at
Proof First, we show that the function f in (3.4) is well-defined and satisfies the properties of the analytic q-blossom of
Clearly f is also symmetric and multiaffine. Next, we establish (3.3). Fix > 0. For every n ≥ m, by (3.1) and (3.4)
Let I 1 (m, n), I 2 (m, n), and I 3 (n) denote the last three sums. Consider first I 3 (n) and I 2 (m, n). Since F (t) is analytic at t = 0, there exist constants C > 0 and r > 0 such
Then for |t| ≤ 1/(1 + r) and n ≥ m,
Combining the estimates for I 1 (m, n), I 2 (m, n), and |I 3 (n)|, we conclude that for every n ≥ m 1 = m 1 ( )
uniformly in an open neighborhood of t = 0 independent of n and . This inequality establishes (3.3) and hence the existence of an analytic q-blossom.
To show uniqueness, let f [u 1 , . . . , u n , 0 ∞ ; q] be any analytic q-blossom of F (t). Since the q-blossom is symmetric and multiaffine,
for some constants {c n,k }. Setting u n = 0 yields
. By (3.1) and (3.3) the functions 
Letting n → ∞ in the last equation and using that lim n→∞
g n (t) → 0 as n → ∞ uniformly for |t| = r yields c (1) k − c (2) 
Two important analytic q-blossom formulas are:
Formula (3.5) is a direct consequence of Theorem 3.3. Formula (3.6) follows from Definition 3.2 and the fact that lim n→∞ [n] q = 1/(1 − q) for q ∈ (0, 1).
Lemma 3.4 Let F (t) be analytic at
Proof Let g[u 1 , . . . , u n ] denote the right-hand side of (3.7). By (3.1) Thus by (3.4), (3.8), (2.8), (3.9), and (3.7), 
Corollary 3.5 The analytic q-blossom of the q-Poisson function b l (t; q) is
Proof Formula (3.11) follows from Lemma 3.4, since the q-Poisson coefficients of 
Proof This property follows from (3.10) of Lemma 3.4.
Consequences of the dual functional property

Proposition 4.1 (Recursive Evaluation of the Analytic q-Blossom) Let F (t) be a function analytic at t = 0, with q-Poisson coefficients {P
In particular,
Proof Formula (4.2) follows by induction on s ∈ N from the dual functional property (3.12), (4.1), and the multiaffine property of the analytic q-blossom.
Proposition 4.2 (Monomial Representation)
In particular, the q-Poisson basis functions form a partition of unity.
Proof Formula (4.3) follows immediately from (3.5), (3.12), and (3.8).
Proposition 4.3 Let F (t) be a function analytic at t = 0, with q-Taylor coefficients {a k }. For a fixed r, let F r (t) = F (rt). Then
Proof Formula (4.4) follows immediately from (3.4). Proof Formula (4.6) follows from (2.5), (4.5) with x = (1 − q)r, and (2.4).
Proposition 4.4 (q-Marsden Identity)
(xt; q) ∞ = ∞ k=0 (x/(1 − q); q) k b k (t; q). (4.5) Proof Let F (t) = (t; q) ∞ . Fix x ∈ C(t) are P k = f x [1, q, . . . , q k−1 , 0 ∞ ; q] = (x/(1 − q); q) k , k ∈ N.
Proposition 4.6 (q-Poisson subdivision) Let F (t) be analytic at t = 0, with qPoisson coefficients {P k }. Then for any r ∈ C the q-Poisson coefficients of F r (t) = F (rt) are given by
Moreover, if we set P 0 k (r) = P k , k ∈ N, and define recursively P Proof Formula (4.7) follows from (4.6), since
Next, by (3.12),
, k ∈ N. Now (4.9) follows by induction on m from (4.8) and the multiaffine property of the analytic q-blossom. Formula (4.10) follows from (4.9), Proposition 4.3, and (3.12).
Proposition 4.7 The q-Marsden identity (4.5) is equivalent to the q-identity
Proof Setting x = a(1 − q) and t = z/(1 − q) with |z| < 1 in (4.5) shows that (4.5) is equivalent to (4.11). Formula (4.12) follows from (4.11) by multiplying (a; q) k z k /(q; q) k on the righthand side of (4.11) by 1 = k l=0 B k k−l (b; q) and simplifying the double sum.
The q-bracket operator and the q-de Boor-Fix formula for analytic functions
The q-bracket operator and the q-de Boor-Fix formula for analytic functions will be expressed in terms of the q-difference operator defined by
There is a limited q-chain rule. Let F r (t) = F (rt). Then
Using this property, (5.3), induction on m, and (2.1), one can easily derive the q-Leibniz rule:
Given two functions F 1 (t) and F 2 (t) that are analytic at t = 0, we define the
A similar q-bracket operator was defined in [3] . Since in (5.5) we use D 1/q , we will need the identities:
Proof Formula (5.7) follows immediately from (5.6), since by (5.6)
Proof It follows from (5.6) by induction on k that
, (5.10), and (2.8), we get
To avoid misunderstanding, we shall also denote the analytic q-blossom of a function F (t) involving parameters by F [u 1 , . . . , u n , 0 ∞ ; q].
Proposition 5.3 Let F (u) be a function analytic at
Proof By Lemma 3.4, the left-hand side of (5.11) is n k=0 P k b n k (x 1 , . . . , x n ; q), where {P k } are the q-Poisson coefficients of F (u). Moreover, the q-blossom of (ux; q) n in x is (ux; q) n (x 1 , . . . , x n ; q) = (
By this equation and (5.9), the right-hand side of (5.11) is also
Proof A straightforward calculation shows that
Therefore by (5.13) and (5.5)
By 
Now (5.12) follows from the last three equations, (5.7), and (5.8).
The homogeneous analytic q-blossom
Let F (t) be a function analytic at t = 0 with q-Taylor coefficients {a k }. Set u j = (u j , w j ). We define the homogeneous analytic q-blossom of F (t) to be the homogenization of the analytic q-blossom of F (t) given by (3.4) , that is
Proof Formula (6.3) is the case m = n of (6.2). Proof Formula (6.5) follows from Proposition 6.2 and (3.12). Formula (6.7) follows from (6.5) and the multilinearity of the homogeneous q-blossom. Proof The case m = 1 of (6.8) follows from (6.7). Then induction on m using (6.7) and (2.1) verifies (6.8) for arbitrary m ∈ N.
Proposition 6.2 Let F (u) be a function analytic at
We end this section with two algorithms for converting between the q-Taylor and the q-Poisson coefficients of a function analytic at t = 0. These algorithms are qblossom analogs of the algorithms in Lemmas 2.3 and 2.4. Proposition 6.5 Let F (t) be a function analytic at t = 0, with q-Taylor coefficients {a n } and q-Poisson coefficients {P n }. Set a 0,s = P s , s ∈ N, and define recursively a n,s = a n−1,s+1 − q n−1 a n−1,s , s ∈ N, n ∈ N + . Then a n,s = q ( s, n ∈ N. In particular, a n,0 = a n , n ∈ N.
Proof The case n = 0 of (6.9) is (6.6). For n ≥ 1, (6.9) follows from the recurrence relation for {a n,s } by induction on n. Finally, a n,0 = a n follows from (6.9) and (6.3).
